It was known that the ABJM matrix model is dual to the topological string theory on a Calabi-Yau manifold. Using this relation it was possible to write down the exact instanton expansion of the partition function of the ABJM matrix model. The expression consists of a universal function constructed from the free energy of the refined topological string theory with an overall topological invariant characterizing the Calabi-Yau manifold. In this paper we explore two other superconformal Chern-Simons theories of the circular quiver type. We find that the partition function of one theory enjoys the same expression from the refined topological string theory as the ABJM matrix model with different topological invariants while that of the other is more general. We also observe an unexpected relation between these two theories.
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Introduction
Chern-Simons theory plays a central role in modern string theory. It was known more than two decades ago that the Chern-Simons theory can be regarded as the topological string theory [1] . Interestingly, the relation to the topological string theory also appears in a supersymmetric case. The N = 6 superconformal Chern-Simons theory with gauge group U(N) k ×U(N) −k and bifundamental matters was proposed as the worldvolume theory of N multiple M2-branes on the geometry C 4 /Z k [2] . With the help of the localization theorem which reduces the infinite dimensional path integral to a finite dimensional matrix integration, the partition function of this theory on S 3 is reduced to a matrix model [3] , which we will call here the ABJM matrix model. The ABJM matrix model was found to be dual to the topological string theory on a Calabi-Yau manifold, local P 1 × P 1 [4] .
After a series of studies [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] , finally the exact instanton expansion of the ABJM matrix model was written down [15] . It is worthwhile to note that, in each step of the progress, the relation to the topological string theory played an essential role. In [5] the leading large N behavior N 3/2 [16] of the free energy was found from the relation. Then, the all genus partition function was summed up to the Airy function [7] by using the holomorphic anomaly equation [17] of the topological string theory on local P 1 × P 1 [5, 6] . After taking care of the constant map [9] and moving to the dual grand potential [8] ,
with the chemical potential µ, again the numerical results of the worldsheet instanton part (∼ e −µ/k ) [12] was compared with the free energy of the topological string theory on local
Finally, the membrane instanton part (∼ e −µ ) was once again determined by the
s R sin 2πg s ns L n(2 sin πg s n) 2 is the BPS index [19, 20] on local P 1 ×P 1 with degree d and spin (j L , j R ), though for simplicity we only consider the diagonal case with all of the Kähler parameters T eff identical. We identify the string coupling constant as g s = 2/k and the effective Kähler parameter as T eff = 4µ eff /k ± πi, where the relation between the effective chemical potential µ eff and the original one µ was known explicitly for integral k [14] .
So far we have explained how the relation between the ABJM matrix model and the topological string theory helps us in solving the ABJM matrix model. Taking the relation reversely, we can regard the matrix model as the non-perturbative definition of the topological string theory. It was noted [15] that in (1.3) the topological information of the background geometry, local
and that all the poles appearing in the universal function multiplied by N d j L ,j R cancel among themselves provided s L + s R + 1 ≡ 0 mod 2 [12, 13, 15] . Therefore, in [15] the expression (1.3) was proposed as the non-perturbative completion of the topological string theory on an arbitrary background geometry. Namely, if we want to consider the topological string theory on other backgrounds, all we have to do is to replace N d j L ,j R by the BPS index on that background.
From this viewpoint, however, it is unclear whether we can regard the expression (1.3) as the non-perturbative completion of the topological string theory on an arbitrary background geometry, if the ABJM matrix model is the only example which has the topological string interpretation. In other words, it is natural to ask whether, and how, the variation of the background is realized on the Chern-Simons theory side. To answer this question, we shall explore other superconformal Chern-Simons theories.
In an attempt of generalizations, let us consider the N = 3 superconformal Chern-Simons theories [21, 22] with gauge group M a=1 U(N) ka ( a k a = 0) and bifundamental matters between U(N) ka and U(N) k a+1 , which were built on the previous works [23, 24] . For this class of N = 3 superconformal theories, the grand potential defined in (1.1) can be expressed as that of an ideal Fermi gas system [8] J(µ) = tr log(1 + e µ− H ), (1.4) with the one-particle Hamiltonian H. Furthermore, it was found in [25] that if the levels are given by
The circular quiver of the (2, 2) k model characterized by {s a } 4 a=1 = {+1, +1, −1, −1} (left) and that of the (2, 1) k model characterized by {s a } 3 a=1 = {+1, +1, −1} (right). The sign s a is associated to the edge between the a-th vertex and (a + 1)-th vertex (numbered counterclockwise). The black and white colors are assigned to the edges with s a = +1 and those with s a = −1, respectively. the supersymmetry is enhanced to N = 4. In [26] , we proposed to start with the study of the special cases where s a = +1 and s a = −1 are well separated 6) and called the corresponding matrix models the (q, p) k models. As examples, in figure 1 we display the quivers of the (2, 2) k model and the (2, 1) k model. For the (q, p) k model, the one-particle Hamiltonian is especially simple,
where the coordinate operator Q and the momentum operator P satisfy the canonical commutation relation [ Q, P ] = i with = 2πk. Since it was known [8] that the perturbative part of the grand potential of this theory is 8) and the explicit form of C was also known [8, 27, 28] , in [26] we further proceeded to compute B for general N = 4 theories, conjecture A for the (q, p) k models and see the first few instantons for the (2, 1) k model.
To seek the theories in which the instanton effects of the grand potential has the similar structure as (1.3), the (2, 2) k model in figure 1 would be the best one to start with among N = 3 theories for the following two reasons. First, for this theory we already know the perturbative part of the grand potential explicitly, which we have to subtract first to investigate the nonperturbative effects. Second, since the membrane instanton in the (q, p) k model consists of three sectors of e
and e −µ as found in [29] , it is expected that some special simplification occurs at (q, p) = (2, 2) where all the three exponents coincide.
Although it is straightforward to generalize our analysis of the non-perturbative effects in the ABJM matrix model to the (q, 1) k model [26, 30, 31] , it is not so trivial whether the study of the (2, 2) k model is possible. In the analysis of the (q, 1) k model, it was important that the matrix element of the density matrix defined by 9) up to a similarity transformation introduced to make it hermitian, takes the form 10) for some functions M(Q) and E(Q). Due to a lemma † in [33] , this structure allows us to compute tr ρ n without difficulty, as we shortly review in section 2.1. Then, as in [10] [11] [12] , we can compute the exact values of the partition function Z(N) up to a certain large number of N max and read off the coefficients of the grand potential J(µ). In the (q, 2) k model, however, the density matrix does not take the form of (1.10). So it is unclear whether we can repeat the same analysis.
In this paper we shall answer these questions positively. Namely, we show that in principle we can generalize our analysis to all of the (q, p) k models by a slight modification of (1.10). After that, we concentrate on the (2, 2) k model and show that the instanton expansion has exactly the same structure as (1.3). We identify the BPS indices as in table 1. In terms of the diagonal Gopakumar-Vafa invariants n d g , which do not distinguish one of the spins in the BPS indices, After studying the (2, 2) k model we revisit the (2, 1) k model whose studies were initiated in [26] . Unexpectedly, we find that the worldsheet instanton part of the grand potential of the (2, 1) k model is related to that of the (2, 2) k model. † Interestingly, a similar structure is found in the Neumann matrices of the light-cone string field theory.
See e.g. (C.3) in [32] . The organization of this paper is as follows. In the next section we shall explain how the techniques used to study the (q, 1) k models actually work for general (q, p) k models. Using these techniques combined with the results from the WKB expansion we proceed to study the (2, 2) k model and the (2, 1) k model in section 3. Finally in section 4 we conclude with some future directions.
Note added
After this paper was submitted to arXiv, the authors of [36] share with us their results of the WKB expansion for the (2, 1) k model up to O(k 29 ) along the line of [13, 29] . The series expansions are all consistent with our proposed function forms (3.34), (3.35) and (3.37) in section 3.2.1.
Exact computation of partition functions
In the previous works [26, 31] , it was found that the density matrix has the special structure ‡ not only for the ABJM (1, 1) k model but also for the (q, 1) k models. It provides an efficient way to calculate the quantity tr ρ n , by which we can immediately obtain the exact values of the partition function Z(N) as
and so forth, according to the expressions of the grand potential (1.1) and (1.4).
In this section, after reviewing the techniques used for the (q, 1) k model, we shall explain how a similar structure appears in the (q, 2) k model, so that we can continue our analysis in a parallel manner. We also shortly note that a similar analysis works for the general (q, p) k model as well.
(q, 1) k model
Before going on to the (q, 2) k model, we shall first review the structure of the density matrix ρ in the (q, 1) k model and the calculation of tr ρ n with it.
Let us start with the density matrix (1.9) for the (q, p) k model
with the matrix element given by
For the (q, 1) k model, using the Fourier transformation formula dP 2π
we end up with
(2.5) ‡ Though it is not relevant to our current analysis, this structure of the resolvent is related to the integration equations in the thermodynamic Bethe ansatz.
This takes the form of (1.10) with the identifications
Using the structure (1.10), we can calculate the powers of the density matrix ρ n as follows.
First, let us rewrite (1.10) schematically as
by regarding ρ, M and E respectively as a symmetric matrix, a diagonal matrix and a vector whose components are given by (ρ)
and (E) Q = E(Q) and performing the matrix product by an integration with respect to Q. Using (2.7) repetitively, we arrive at the expression
Here on the left-hand side we employ the anti-commutator for odd n and the commutator for even n. On the right-hand side both the multiplication among ρ and that between ρ and E are performed by the integration though we insert a dot only for the latter one. If we define
the power ρ n is given by
Here comes the important point of this formula. Typically when we compute the power ρ n we have to multiply matrices n times iteratively. The formula (2.10) states that, however, ρ n can be computed by picking up a specific vector E and multiplying ρ to it recursively as (2.9). Hence, the formula (2.10) substantially simplifies the computation.
(q, 2) k model
Now we shall see how this trick works for the (q, 2) k model. Again using the Fourier transformation formula dP 2π
in (2.3), we find that the density matrix (2.2) becomes
If we introduce 13) this density matrix is written as
Schematically, this result can be rewritten as
Note that the multiplication EQ is simply the multiplication as functions and should be regarded as a vector independent of E. This means that the only difference from the (q, 1) model is that in this case we need to introduce two vectors correspondingly, 16) with which ρ n is written as
To summarize, the computations needed to obtain the partition function Z(N) are the following integrations: the integrations which give the two series of vectors φ m , ψ m recursively as 18) and the trace
Before closing this section, we briefly explain how the above technique works for general (q, p) k models. The Fourier transformation of 2 cosh P 2 −p for general p is given as dP 2πk
for odd p,
From these formula it follows that, with
one can also calculate tr ρ n for general odd (or even) p with the same technique as p = 1 (or
with ℓ = 0, 1, · · · , p − 1.
Application to models
In the previous section, we have introduced a systematic way to calculate the exact values of the partition function Z(N) for the (q, p) k models. In this section, we apply the method to the two cases, the (2, 2) k model and the (2, 1) k model, and give interpretations to the obtained exact results. As we will see below, we observe that these models share some common properties with the ABJM matrix model which played important roles in the determination of the exact instanton expansion. These properties again enable us to determine the instanton expansion in the (2, 2) k model and the (2, 1) k model. We also observe an unexpected relation between these two models.
(2, 2) k model
Applying the technique in section 2.2 to the (2, 2) k model, we have computed the exact values of the partition function Z k (N) up to N = N max for (k, N max ) = (1, 15), (2, 13) , (3, 6) , (4, 7) , (6, 6) . The first few values are listed in table 3. To obtain the non-perturbative part of the grand potential J np (µ), we fit these data by the inverse transformation of (1.1)
where the grand potential consists of the perturbative and non-perturbative parts
The perturbative part J pert (µ) is given as (1.8), where for the (q, p) k model the coefficients
, 28] and B [26] are
and for A we adopt the conjectural relation to that of the ABJM matrix model [26] 
After subtracting the perturbative part, we can proceed to determine the instanton expansion of the non-perturbative part, as in [12] for the ABJM case. The result is given in From the results in table 4, we expect that the worldsheet instanton exponent is given by e − µ k while the membrane instanton exponent is e −µ . Together with their bound states, the non-perturbative part should be
where the pure membrane instanton and the pure worldsheet instanton are given by
For later convenience we introduce the following functions,
(3.7)
Membrane instanton
First we consider the pure membrane instantons. As demonstrated in [26] , the small k expansion of the grand potential in the (q, p) k model can be systematically calculated by the method of the WKB expansion [8] . We have calculated the grand potential up to O(k 9 ).
Then, expanding the results around µ → ∞ by using the formula in [29] , we obtain, besides the perturbative part which is consistent with (3.3) and (3.4), the explicit small k expansion of the coefficients a ℓ , b ℓ and c ℓ in (3.6).
For a ℓ , we find
From these results we can find directly the following expressions for finite k, Our criterion to decide the ansatz of the expression is that the function forms should be similar to the ABJM case and should not be too complicated. Of course, it is reasonable to doubt whether we can determine the entire functions just from the first five terms of the series expansions. However, we will continue this kind of arguments from now on and provide non-trivial checks to the results later from time to time.
Before going on to conjecture the explicit form of the remaining part of the instanton coefficients, we introduce the effective chemical potential 10) in terms of which the quadratic part of the instanton coefficients are absorbed into the perturbative part as 11) and call the instanton coefficients in J b and J c as b ℓ and c ℓ respectively. Then we find that these instanton coefficients satisfy the following derivative relation (at least up to O(k 9 ))
Note that the same reduction of instanton coefficients also occurred in the ABJM matrix model [14] and the (2, 1) k model [26] . In the ABJM case, the effective chemical potential played an important role to handle the bound states of the worldsheet instantons and the membrane instantons [14] , and the derivative relation was crucial to write down the explicit formula for all order membrane instanton corrections as in (1.3) [15] . As we will see below, they play just the same role in the (2, 2) k model.
The first few coefficients b ℓ are given by
From them, we can read off
Interestingly, we find that these coefficients satisfy the following multi-covering structure,
If we further assume the multi-covering structure,
we can proceed to determine the k dependence for higher instantons as β 4 (k) = 9 sin 2πk + 30 sin 4πk + 9 sin 6πk π sin 2 πk , β 5 (k) = − 20 sin 2πk + 100 sin 4πk + 100 sin 6πk + 20 sin 8πk π sin 2 πk . (3.17)
Effective chemical potential
In (3.9) we have found that the series expansions of a ℓ match well with the ansatz that the argument of the cosine functions in the numerator of a ℓ is always a multiple of 2πk. As in the ABJM case [14] , if we assume that this is true for all instantons, due to the periodicity of the cosine function, we find that, when k is an integer, the value of the function a ℓ is the same as its leading term in the WKB expansion,
The expression of the leading term in the small k expansion was known for all instantons [29] . Picking up the coefficients of the µ 2 terms, for the (q, p) k model we found
After substituting (q, p) = (2, 2) we find
Hence, at integral k, the expression relating the effective chemical potential and the original one is
If we express the instanton expansion in table 4 using this effective chemical potential, the coefficients of π −2 become somewhat simpler,
with rational numbers f k,ℓ and g k,m . See table 5.
Worldsheet instanton
Now let us guess the k dependence of the worldsheet instanton coefficients by looking at table 5 more carefully. As the membrane instanton coefficients b ℓ we have guessed above (3.15) and (3.17) diverge when ℓk ∈ Z, we expect that the worldsheet instanton coefficients d m also diverge when m/k ∈ Z so that the total non-perturbative effects are finite after the cancellation of divergences, as in the ABJM case [12, 13] . From this fact and the experience in the ABJM case [12] , we expect that d m is expressed as a linear combination of sin at k = 2, 3, 4, 6 for m = 1, those at k = 3, 4, 6 for m = 2 and those at k = 4, 6 for m = 3 (namely, those at k ≥ m), we find the first few worldsheet instantons are given by • The result (3.23) also matches with the coefficient at e • Although the coefficients of both the worldsheet instanton and the membrane instanton are divergent at e −µ eff and k = 1, 2, 3, at e −2µ eff and k = 1, 2, and also at e −3µ eff and k = 1, these divergences are completely cancelled and the finite results from the numerical fitting in table 5 are reproduced.
• Finally, the first terms in these coefficients
correctly recover the multi-covering structure expected for the topological string theory,
After observing that the bound states are correctly taken care of by the effective chemical potential and that the expression has the multi-covering structure, we have more equations and less unknowns for the higher worldsheet instantons. Using the remaining data in table 5, we can further find
Topological string theory
From the fact that the non-perturbative effects in the (2, 2) k model share many structures found in the ABJM matrix model, we expect that they can also be described using the free energy of the refined topological string theory as in (1.3) . In the following, we find that this is actually the case.
By comparing the exponents of the worldsheet and membrane instantons, we can tentatively identify the Kähler parameter and the string coupling as 
. Surprisingly, we have observed the following property.
• The diagonal Gopakumar-Vafa invariants of the (2, 2) k model match with those of the local D 5 del Pezzo geometry [34] , although the BPS indices [35] are different.
Quantum mirror map
In the analysis so far, we have basically concentrated on the expression after introducing the effective chemical potential µ eff . Lastly, for the (2, 2) k model, let us comment on some interesting structures on the coefficients a ℓ .
In [14] it was found that, for the ABJM matrix model, the instanton coefficients e ℓ appearing when we express µ in terms of µ eff are somewhat simpler than the original ones a ℓ appearing when we express µ eff in terms of µ. Defining the same quantity for the (2, 2) k model,
e ℓ e −ℓµ eff , (3.29)
we obtain which look simpler than a ℓ in (3.9). More interestingly, they also have the following multicovering structure:
(1 + 2 cos 2πk + cos 4πk), as in the ABJM case [15] . The integrality of the coefficients in the last expression would imply that they can be interpreted as topological invariants associated to the quantum mirror map.
(2, 1) k model
In [26] we took the first step to study the non-perturbative effects of the (2, 1) k model. Due to the lack of comparison with other models, we were not able to find a concrete structure at that time, except the pole cancellation mechanism in the first few instantons. Now that we have looked at the (2, 2) k model, let us revisit the (2, 1) k model here. The non-perturbative part of the grand potential is given in table 6. From this result we find that the instanton expansion takes a similar form as the (2, 2) k model (3.5). The difference is that the worldsheet instanton exponent is e −2µ/k in the (2, 1) k model (instead of e −µ/k in the (2, 2) k model) and that the membrane instanton expansion 32) takes different forms for the odd and even instanton numbers, 33) as observed in [26] . µ ). 
Membrane instanton
Again we start with the WKB expansion of the membrane instanton. From the explicit computation up to O(k 9 ) as in the (2, 2) k model we directly find
Also, as already found in [26] , if we introduce the effective chemical potential µ eff as we have done in the (2, 2) k model (3.10), the quadratic part is absorbed into the perturbative part, and the linear part and the constant part of the new instanton coefficients b 2ℓ and c 2ℓ satisfy the following derivative relation,
Using the results of the WKB expansion up to O(k 9 ), we find that the first few membrane instantons are given by After noticing the "multi-covering" structure, we can proceed to determine the coefficients of higher order instantons as Note that the structure in (3.37) is tentatively assumed to reduce the number of unknowns, though it is probably not the multi-covering structure compatible with the cancellation mechanism. For example, relative signs may appear depending on the spins (j L , j R ).
Effective chemical potential
As in the (2, 2) k model let us try to use the effective chemical potential also in the (2, 1) k model. Suppose again that the arguments of the cosine functions in the numerators of a ℓ are multiples of πk as in (3.34) , then when k is even, we have
Using (3.19) we find For odd k, we conjecture a relation (3.34) ; the relation (3.41) simplifies the expressions of the instanton expansion as in (3.22) . The grand potential in terms of the effective chemical potential is given in table 7.
Worldsheet instanton
Now let us proceed to the worldsheet instanton. From the information on the position where we expect poles, it is not difficult to find
Again it is easy to find the previously itemized properties in section 3.1.3 still hold. With the help of the multi-covering structure, we are able to write down higher instantons
Besides, it is surprising to find the following property. • When the instanton number is small, if we replace the cosine functions in the numerators simply by 1 and halve the argument of the sine functions in the denominators, the coefficient of the worldsheet instanton (3.43) reduces to the expression of the (2, 2) k model (3.25), (3.26).
Higher worldsheet instantons
In the previous two subsections we have studied the (2, 2) k model and the (2, 1) k model respectively. In section 3.1.4 we have noticed that the diagonal Gopakumar-Vafa invariants match with those of the local D 5 del Pezzo geometry. Since the BPS indices themselves look different, one may suspect that the match is a mere coincidence. Also, in section 3.2.3 we have observed an interesting relation of the worldsheet instantons between the (2, 2) k model and the (2, 1) k model. To study these observations in more details, we shall proceed to higher worldsheet instantons in this subsection.
(2, 2) k model
In table 5 we have studied the instanton expansion in the (2, 2) k model up to O(e
To fully utilize the data, we first note that, although we do not have the exact membrane instanton coefficients b ℓ for ℓ = 6, 7, if we assume the multi-covering structure 44) and the trigonometric expression 45) the finite coefficients after the cancellation of divergences in 46) with (3.12) only depend on the linear combination of m ℓ,n which is determined from the first two terms in the WKB expansion. This is due to the periodicity of the trigonometric functions. Using the terms of e To study higher worldsheet instantons in the (2, 1) k model, we need more numerical data. Besides k = 1, 2, 3, 4, 6 which we have studied in table 7, the simplest cases are probably k = 5, k = 8 and k = 12. The study of these cases is important also because the coefficients of the worldsheet instantons we have found in section 3.2.3 are rather complicated and this extra information provides non-trivial checks to them.
We have found the exact values of the partition function Z k (N) up to N max for (k, N max ) = (5, 4), (8, 5) , (12, 7) . The first few values for k = 8 and k = 12 are listed in table 8, while those for k = 5 were listed in [26] . Then, we can compare our expectations from (3.43), (3.37) with µ eff ), well due to the reason explained in section 3.3.1. Also, if we assume the coefficients of cosine functions to be rational numbers, the conditions from the k = 5 case, the k = 8 case and the k = 12 case give two relations respectively. Hence we can fully determine the coefficients. Using the data at k = 2, 3, 4, 6 in which is very close to (3.47) but contains some discrepancies. Our analysis here can be summarized as follows.
• The relation of the worldsheet instantons between the (2, 2) k model and the (2, 1) k model observed in section 3.2.3 is mostly valid for higher instanton numbers, though a modification should be taken into account.
Towards topological string theory
Finally, let us make some efforts to guess an expression for the (2, 1) k model, that is similar to the free energy of the topological string theory (1.3).
Although in the study of higher worldsheet instantons in section 3.3.3 we have found some discrepancies, since the relation mostly holds, let us neglect the discrepancies shortly and try to derive possible conclusions out of the relation between the (2, 2) k model and the (2, 1) k model observed in section 3.2.3. When we say that after some procedures of the replacements the coefficients of the worldsheet instantons in the (2, 1) k model reduce to those in the (2, 2) k model, we come up with three possibilities. §
• One possibility is the imaginary part of the Kähler parameter. When we relate the chemical potential of the (2, 2) model to the Kähler parameter we do not need to introduce the imaginary part. However, for the (2, 1) model, the cosine functions can come in because of the imaginary part.
• Another possibility is that the (2, 1) k model shares the same BPS index with the (2, 2) k model, but is different in the function forms of the free energy. Due to the information of the BPS index it picks up different linear combinations of the cosine functions.
• The last possibility is that the topological invariants of the (2, 1) k model have more refined structures to distinguish two types of arguments in the cosine functions than those of the (2, 2) k model.
In any case, we do not have a clear geometric picture and we cannot make a concrete decision out of these possibilities. For the first possibility, if there are many enough Kähler parameters, we may assign different imaginary parts to reproduce the cosine functions. Still since in the ABJM case the imaginary part comes in by shifting the Kähler parameters by ±πi instead of the chemical potentials, it seems difficult to obtain the k −1 dependence in the arguments of the cosine functions. For the last possibility, though it is interesting to lift the topological invariants of the (2, 2) k model to more refined structures in the (2, 1) k model, since we do not know either the BPS index or the free energy function, we have little to say on this possibility. We have concentrated on the second possibility and found an expression consistent with the § We are grateful to Kazumi Okuyama for valuable discussions.
relation of the replacements, the identification of the BPS indices and the requirement of the pole cancellation mechanism. However, due to the lack of data we are not sure of this proposal.
Discussion
In this paper we have found that the partition function of superconformal Chern-Simons theories, other than the ABJM matrix model, can also be described by the free energy of the refined topological string theory or its deformation. For the (2, 2) k model we find that the instanton expansion matches well with the ABJM case. Namely we can use the same function obtained from the free energy of the refined topological string theory to describe the grand potential of the (2, 2) k model. The only differences appear in the set of topological invariants and in the identification of the Kähler parameter T and the string coupling g s with the chemical potential µ and the level k. For the (2, 1) k model the situation is more obscure. After observing the similarity of the worldsheet instantons between the (2, 2) k model and the (2, 1) k model itemized in section 3.2.3 and section 3.3.3, we have proposed several possibilities for the instanton coefficients. However, we cannot determine the full instanton expansion.
Let us discuss several future directions. Apparently, it is a crucial question to identify the Calabi-Yau manifold which carries the topological invariants of the (2, 2) k model. It is interesting to observe that the diagonal Gopakumar-Vafa invariants of the (2, 2) k model match with those of the local D 5 del Pezzo geometry [34] at least up to the seventh instanton, though the BPS indices look different [35] . If this match holds for all instanton numbers, it may suggest that there are two different manifolds sharing the same diagonal Gopakumar-Vafa invariants, which is surprising to us. Since our analysis only gives the diagonal topological invariants at a fixed number of d = i d i , it is desirable to see the deformation with different ranks. Here we expect that either the formulation of [37] [38] [39] or the formulation of [40] for the ABJ theory [41, 42] with the gauge group U(N 1 ) k × U(N 2 ) −k would be applicable to this deformation. Also, in [13] the standard computation of the WKB expansion was simplified to the semiclassical TBA techniques. It is interesting to see how these techniques work for general (q, p) k models including the (2, 2) k model. After generating more terms in the k expansion with these techniques, we are expecting to find more topological invariants. It is also interesting to observe that the perturbative coefficient C and the exponential factor of the membrane instanton e −µ eff coincide with those of the quantum mechanical model associated to local B 3 [43] . See also [44] [45] [46] [47] .
The relation of the worldsheet instantons between the (2, 2) k model and the (2, 1) k model is also very interesting. This relation may be helpful to determine the instanton expansion of the (2, 1) k model. It would be an interesting future direction to proceed to higher instanton numbers to gain more information to study the relation and determine the full instanton expansion.
As the (2, 2) k and (2, 1) k models are very special cases, it is interesting to see whether there is an unexpected symmetry enhancement in these models.
Though we have restricted ourselves to the (2, 2) k model and the (2, 1) k model, it would also be interesting to extend our study to the general (q, p) k model. After that, we hope to go beyond the "minimal" (q, p) k cases to study those without the constraint (1.6). The result is expected to be more complicated, due to the possible non-trivial dependence on the ordering. However, the result is explicitly known [48] for the case where the quiver is given as a repetition of that of the ABJM theory [41, 49] , which will provide some hints in this direction.
